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We consider Swiss-cheese brane universes embedded asymmetrically into the bulk. Neither the
junction conditions between the Schwarzschild spheres and the sorrounding Friedmann brane re-
gions with cosmological constant Λ, nor the evolution of the scale factor are changed with respect
to the symmetric case. The universe expands and decelerates forever. The asymmetry however
has a drastic influence on the evolution of the cosmological fluid. Instead of the two branches of
the symmetric case, in the asymmetric case four branches emerge. Moreover, the future pressure
singularity arising in the symmetric case only for huge values of Λ becomes quite generic in the
asymmetric case. Such pressure singularities emerge also when Λ = 0 is set. Then they are due
entirely to the asymmetric embedding. For generic values of Λ we introduce a critical value of a
suitably defined asymmetry parameter, which separates Swiss-cheese cosmologies with and without
pressure singularities.
I. INTRODUCTION
In the last decade brane-world models, originally moti-
vated by string / M-theory, have developed into classical
theories of gravitation, alternative to general relativity
and reducing to it under certain circumstances. In these
models our observable universe is a brane with tension
λ embedded in a 5-dimensional bulk and gravitation has
more degrees of freedom than in general relativity. The
fifth dimension is not compactified, as in the Kaluza-
Klein theories, but instead curved, in the simplest case
due to a cosmological constant. Cosmological generaliza-
tions of the Randall-Sundrum (RS) second model [1] con-
sist of a moving Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) brane embedded into a static Schwarzschild-anti
de Sitter bulk. The motion of the brane in the bulk is
the cosmological dynamics.
Our homogeneous and isotropic universe certainly con-
tains local inhomogeneities. These can be dealt with the
perturbation theory on the FLRW brane. However due
mainly to technical problems involving the boundary con-
ditions to be imposed [2], this is not a completed task for
the moment, excepting particularly simple cases. There
is still much to learn until a complete perturbative de-
scription will be achieved. Therefore exact models of the
universe containing inhomogeneities are important.
In general relativity the simplest such model is
the Einstein-Straus (Swiss-cheese) model [3], in which
Schwarzschild spheres of constant comoving radius are
glued into the FLRW space-time. Recently, the corre-
sponding brane-world model was worked out [4] in the
simplest case of spatially flat sections k = 0 of the FLRW
brane. It was also assumed that there is no source term
from the bulk Weyl curvature: the electric part of the
Weyl curvature on the brane was chosen to vanish. Such
an assumption is motivated by the existence of stable
black string solutions with vanishing electric part of the
Weyl curvature in the two-brane models of Ref. [5]. Thus
our model consist of black strings penetrating the cosmo-
logical brane, resulting in a Swiss-cheese type structure
on the brane.
By allowing for a difference Λ in the cosmological con-
stants in the FLRW and Schwarzschild regions, interest-
ing behavior of the cosmological fluid emerged. For a
vanishing Λ both the energy density ρ and the pressure
p approach the general relativistic limits at late times,
however they differ at early times. By increasing Λ, the
behavior of the fluid changes dramatically. For highly
enough values of Λ a pressure singularity appears, while
the scale factor a and all of its derivatives stay regular.
In this paper we extend our study on the Swiss-cheese
brane-world by allowing for asymmetric embedding of the
brane in the bulk. While both in the original RS model
and in some of its curved generalizations the symmetry
of the embedding was assumed such that the brane is the
moving boundary of the bulk, there are many attempts to
lift this symmetry, as this introduces interesting new pos-
sibilities in the model, like a late-time acceleration (see
for example [6]). Asymmetric embedding can arise from
allowing for different black hole masses on the two sides
on the brane [7], [8], [9], different cosmological constants
on the two sides [10], [11] or both types of generalizations
[12], [13], [14]. The role of asymmetry in brane-worlds
was discussed covariantly in [15]. In the simple case we
study here, the asymmetry is achieved by
2TABLE I: Domains of positivity, negativity and ill-definedness of ρ++ for various values of Λ in the small asymmetry regime
α < 1.
ρ++ τ < τ1,α τ = τ1,α τ1,α < τ ≤ τ2,α τ > τ2,α
Λ ≤ Λ1,α + + + +
Λ1,α < Λ ≤ Λ2,α + 0 − −
Λ > Λ2,α + 0 − no real solution
TABLE II: For high asymmetry α > 1 the energy density ρ++, whenever well-defined, is positive.
ρ++ τ ≤ τ2,α τ > τ2,α
Λ ≤ Λ2,α + +
Λ > Λ2,α + no real solution
TABLE III: For small asymmetry α < 1 the energy density ρ+−, whenever well-defined, is negative.
ρ+− τ ≤ τ2,α τ > τ2,α
Λ ≤ Λ2,α − −
Λ > Λ2,α − no real solution
choosing different values of the bulk cosmological con-
stant Λ˜ on the two sides of the brane.
In Section II we discuss the evolution of the scale fac-
tor as derived from the junction conditions on the brane,
given explicitly in [16]. We do not discuss the compli-
cated structure of the bulk, but conjecture, as in [4],
that by suitably choosing the corresponding bulk regions,
their junction can be done. From the junction conditions
on the brane we find that the asymmetry does not modify
the cosmological evolution as compared to the symmetric
case. However, the Friedmann and Raychaudhuri equa-
tions are changed by asymmetry, thus the evolution of
ρ and p should change accordingly. Indeed the behav-
ior of ρ and p are changed dramatically, compared to
the symmetric case. The two branches of the symmetric
Swiss-cheese model split into four, when the asymmetry
appears. We introduce a properly chosen dimensionless
asymmetry parameter α. Then we show that for Λ ≤ κ2λ
/2 (κ2 being the brane coupling constant) there is a criti-
cal value of α, which separates cosmologies with pressure
singularities from the ones with regular evolution dur-
ing the whole lifetime of the universe. The occurrence of
pressure singularities is generic for Λ > κ2λ/2.
While in the symmetric case it was a single branch
allowing for positive energy density, in the asymmetric
case there are two. In Section III we study the domains
of positivity of the energy density on these two branches.
Then we illustrate graphically various typical behaviors
of ρ and p
Finally in the Concluding Remarks we point out that
the totality of the source terms in this brane-world sce-
nario add up to a dust, establishing the analogy with
the general relativistic Einstein-Straus model, as in the
symmetric case. We also illustrate here graphically the
critical behavior of the Swiss-cheese brane-world models
with asymmetry.
II. SWISS-CHEESE BRANE-WORLDS WITH
ASYMMETRY
In [16] the junction conditions on spheres of constant
comoving radius χ0 at the interface of Schwarzschild and






Here τ is cosmological time, with the origin at the Big
Bang and m the mass of the Scwarzschild black hole.
This result does not depend on the embedding. Rather,
it depends on choosing flat spatial sections for the FLRW
space-time and on assuming no electric Weyl source on
the brane. As the FLRW regions are homogeneous and
3TABLE IV: Domains of positivity, negativity and ill-definedness of ρ+− for various values of Λ and high asymmetry α ≥ 1.
ρ+− τ < τ1,α τ = τ1,α τ1,α < τ ≤ τ2,α τ > τ2,α
Λ ≤ Λ1,α − − − −
Λ1,α < Λ ≤ Λ2,α − 0 + +
Λ > Λ2,α − 0 + no real solution
isotropic, the evolution (1) derived for the junction sur-
faces holds for entire FLRW part of the brane. Irre-
spective of the asymmetric embedding, the Swiss-cheese
brane-world is expanding and decelerating in precisely
the same way as it would be in the symmetric case.
Cosmological evolution in the FLRW regions is gov-
erned by the Friedmann and Raychaudhuri equations.













































where we have introduced a dimensionless asymmetry pa-







> 0 . (4)
By inserting the derivatives of Eq. (1) in the generalized
Friedmann and Raychaudhuri equations, (2) and (3), af-
ter some algebra the mass of a Schwarzschild void and























































Eq. (7) is quartic in ρ, in contrast with the symmetric
case (α = 0), when ρ is given by a quadratic equation.
Still, the quartic equation (9) can be easily solved, as it









β2 − α . (9)
As α > 0, for the positivity of the left-hand side β > 0
should hold. This is exactly the condition which had
to be satisfied in the symmetric case in order that the
solutions for ρ exist. No such solutions existed when
Λ > κ2λ/2 and τ > τ2 = 2/
√
3 (Λ− κ2λ/2). In the
asymmetric case however the square root in Eq. (9) im-










1− 2√α) . (11)
This is identically satisfied for Λ ≤ Λ2,α. When Λ > Λ2,α




< τ2 . (12)
Thus asymmetry lowers the range of Λ for which the
density is well-defined during the whole evolution of the
universe. For the rest of Λ values, asymmetry shortens
the interval of well-definedness.









of the asymmetry parameter can be introduced for each
Λ ≤ κ2λ/2 such that for any α ≤ αcrit the density is well
defined during the whole evolution of the Swiss-cheese
brane-world. For high asymmetry α > αcrit and for huge
cosmological constant Λ > κ2λ/2 (irrespective of the de-
gree of asymmetry) the evolution of ρ stops at τ2,α.







β2 − α . (14)
The first subscript refers to the sign of the second term,
while the second to the sign under the square root. By
employing Eqs. (1) and (14) in (6) we also obtain the
4FIG. 1: (Color online) The four branches of energy density
ρ±± in the asymmetric case, as compared with the energy den-
sities ρ± (symmetric case) and energy density ρ (pertinent to
the Einstein-Straus model with similar cosmological evolution
as the Swiss-cheese brane-world), plotted for the asymmetry
parameter α = 0.81 and cosmological constant Λ = −1. The
energy densities, the time τ and the cosmological constant
Λ are given in units λ, 4/3κ2λ and κ2λ/2, respectively. At
early times the symmetric brane-world energy density ρ+ < ρ,
while at later stages of cosmological evolution their relation
is reversed ρ+ > ρ. This brane-world feature of the energy
density is mildered by asymmetry, as can be seen on the ρ++
branch.

























Here the first subscript refers to the signs preceding
the second and third terms in Eq. (15) while the sec-
ond to the signs in the respective terms. One can see
that whenever ρ is well defined, p also exists. We re-







→ 0 in Eq. (15) and in con-
sequence p±± → ∞. The energy density becomes ill-
defined for τ > τ2,α because a pressure singularity occurs
at τ = τ2,α.
There are four admissible branches of solutions of both
Eqs. (14) and (15). In the symmetric limit α → 0 only
the (±+) branches survive, the other two give unphysical
solutions ρ±− → −λ and p±− →∞.
FIG. 2: (Color online) The four branches of pressure p±±
in the asymmetric case, as compared with the pressures p±
(symmetric case) and pressure p (pertinent to the Einstein-
Straus model with the same cosmological evolution as the
Swiss-cheese brane-world), plotted for the asymmetry param-
eter α = 0.81 and cosmological constant Λ = −1. The pres-
sures, the time τ and the cosmological constant Λ are given in
units λ, 4/3κ2λ and κ2λ/2, respectively. Brane-world modi-
fications are again mildered by asymmetry.
III. EVOLUTION OF THE FLUID IN THE
ASYMMETRIC SWISS-CHEESE BRANE-WORLD
Only two branches, ρ+± can give positive energy den-
sity. We first discuss this possibility for the range α < 1
of the asymmetry parameter, which allows for the sym-
metric limit. The condition ρ++ ≥ 0 reduces to 2β ≥










The inequality (16) holds for Λ ≤ Λ1,α at any τ and for




< τ1 . (18)
Here τ1 is the time separating the positive and negative
values of ρ++ in the symmetric case. We also remark that
the relation τ1,α < τ2,α holds irrespective of the value of
α.
For huge asymmetry α ≥ 1 the condition ρ++ ≥ 0





where Λ1,1 = Λ1,α=1. For Λ ≤ Λ1,1 the inequality (19)
identically holds, while for Λ ≥ Λ1,1 it gives τ ≤ τ1,1 ≡
5FIG. 3: (Color online) As in Fig. 1, but for Λ = 0. The
evolution of ρ and ρ± follows the same pattern as in Fig. 1,
however in all asymmetric branches the density is well-defined
only for τ ≤ τ2,α. The asymmetric branches meet two by two
at τ2,α.
FIG. 4: (Color online) As in Fig. 2, but for Λ = 0. The
evolution of p and p± follows the same pattern as in Fig.
2, however in all asymmetric branches pressure singularities
occur at τ = τ2,α.
τ1,α=1. However τ1,1 > τ2,α for any α > 1, thus ρ++ will
be ill-defined before becoming negative. An other way to
see this is to remark that Λ1,1 > Λ2,α for α > 1.
On the second branch, ρ+− ≥ 0 holds when 1 ≤ β ≤
(1 + α) /2. This condition is never satisfied for α < 1





The inequality (20) holds true only for Λ > Λ1,α and
τ ≥ τ1,α.
We summarize the results for ρ++ and α < 1 in Table I,
for ρ++ and α ≥ 1 in Table II, for ρ+− and α < 1 in Table
III, and for ρ−− and α ≥ 1 in Table IV. Inserting α→ 0
in Table I we recover the symmetric solution presented
FIG. 5: (Color online) As in Fig. 1, but for Λ = 2. This
time the domain of well-definedness is bounded by τ2 in the
symmetric and by τ2,α in the asymmetric case, as opposed to
the Einstein-Straus model, where ρ is well-defined through the
entire cosmological evolution. Asymmetry both reduces the
domain of well-definedness and the magnitude of the energy
density.
FIG. 6: (Color online) As in Fig. 2, but for Λ = 2. Pressure
singularities are present both in the symmetric and in the
asymmetric case. The pressure singularity occurs faster due
to asymmetry.
in [4]. There is no correspondent of the ρ+− branch in
the symmetric case.
In what follows, we present graphically three typical
evolutions of the cosmological fluid. On Figs. 1, 3, and 5
we show the evolution of all four branches ρ±± as com-
pared to the evolution of ρ± in the symmetric case (two
branches) and the unique evolution of ρ in the Einstein-
Straus model. On Figs. 2, 4, and 6 we compare the
evolution of the pressure in all four branches with the
symmetric evolution in the Swiss-cheese brane-world and
in the Einstein-Straus model.
On Figs. 1 and 2 we have selected a negative cosmo-
logical constant with α ≤ αcrit. In consequence ρ±± and
6FIG. 7: (Color online) The critical behavior of the fluid, in
the asymmetry parameter α, illustrated for Λ = 0. The sec-
tions α=const. give the four branches ρ±±, either extending
to ∞ as in Fig. 1 or constrained to a finite domain as in
Figs. 3 and 5. The front ”edges” where the branches meet
two by two represent the pressure singularities, which come
together with the ill-definedness of the energy density. The
rear ”edge” at ρ = −λ is at the zero value of the asymme-
try parameter, however it does not represent a solution of the
symmetric problem, in contrast with the corresponding sec-
tions of the top and of the bottom leaves. The energy densities
and the time τ are given in units λ and 4/3κ2λ, respectively.
In this figure the pressure singularities are due entirely to the
assymetry in the embedding.
p±± stay well-defined during the whole cosmological evo-
lution. We remark that the ±+ branches stay close to the
energy density and pressure of the symmetric case and
that brane-world effects are mildered by the presence of
asymmetry, as the asymmetric branches ±+ stay closer
to the energy density ρ and pressure p of the Einstein-
Straus model.
Figs. 3 and 4 represent the case of a vanishing brane
cosmological constant. The asymmetry parameter this
time is above the critical value αcrit, therefore the do-
main of ρ±± is restricted. At τ2,α pressure singularities
occur. In this case the evolution of the fluid is drasti-
cally modified by asymmetry: the symmetric branches
are well-defined throughout the cosmological evolution
and there is no pressure singularity in the symmetric case.
On Figs. 5 and 6 we have represented a case with pos-
itive cosmological constant, which is above the threshold
for having restricted domain of ρ± and pressure singular-
ities even in the symmetric case. The effect of asymmetry
this time is to speed up the occurrence of pressure singu-
larities.
IV. CONCLUDING REMARKS
We have discussed the effects of the asymmetric em-
bedding of the Swiss-cheese brane-world into the SAdS5
bulk. First, we have shown that such brane-worlds can
exist in the presence of asymmetry. On such Swiss-cheese
universes the evolution of the scale factor is not affected
by asymmetry. The totality of source terms combine to




, p = 0 , (21)
establishing the same cosmological evolution as in the
Einstein-Straus model. Due to the modified Fried-
mann and Raychaudhuri equations, however the fluid in
the asymmetric brane-world scenario evolves differently.
Even in the symmetric case the modifications were sub-
stantial. Two branches ρ± were present (one positive)
and the possibility of occurrence of a pressure singularity
has emerged. The regions with negative energy density
could be reinterpreted in terms of an other fluid with en-
ergy density and pressure modified such that it absorbs
the cosmological constant [4].
In the asymmetric case these features are conserved.
However the asymmetry further splits up the possible
evolutions of the fluid. In the asymmetric case there
are four possible branches ρ±± (two allowing for positive
energy density). Whenever the pressure singularity is
present in the symmetric case as well, asymmetry has
the effect that these singularities appear faster. Even in
the cases when there are no pressure singularities in the
symmetric case, if the asymmetry parameter exceeds the
critical value αcrit given by Eq. (13), these singularities
appear.
We illustrate this behavior on Fig. 7 for Λ = 0. As can
be seen on Fig. 7, the occurrence of pressure singularities
is not due there to the difference of the cosmological con-
stants in the brane regions, but rather to the difference
in the bulk cosmological constants.
As in the symmetric case, the occurrence of the pres-
sure singularities is due to the modified dynamics im-
posed by the brane-world scenario. It is remarkable how-
ever that the evolution of the scale factor remains regular
when the pressure singularities occur. This is a generic
feature of the pressure singularities introduced in Ref.
[4].
We conclude that pressure singularities appear as con-
sequence of the difference of the cosmological constants
either between the vacuum and FLRW regions (sym-
metric case) or between the left and right bulk regions
with respect to the brane (asymmetric case). They may
emerge as consequence of enforcing the Swiss-cheese con-
figuration to the brane-world. It is likely, than in cer-
tain phase of the cosmological evolutions a more dynamic
scenario has to take the place of the Swiss-cheese brane-
world, in which either the voids are not static or/and
their boundaries are not comoving.
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